In this paper we will look at the relationship between the intersection number c 2 and its diameter for a distance-regular graph. And also, we give some tools to show that a distance-regular graph with large c 2 is bipartite, and a tool to show that if k D is too small then the distance-regular graph has to be antipodal.
Introduction
In this paper we will look at the relationship between the intersection number c 2 and its diameter for a distance-regular graph. (For definitions see next section.)
Let us first start with diameter three. A distance-regular graph Γ with diameter three and valency k, can have c 2 = k − 1. This occurs exactly when Γ is the K k+1,k+1 minus a perfect matching. But if Γ is not bipartite, then it is fairly straightforward to show that c 2 ≤ k.) We will show a similar behavior for c 2 when the diameter is larger, that is nonbipartite distance-regular graphs have a significant smaller c 2 than bipartite distanceregular graphs with the same diameter in general.
First, we concentrate on the situation when Γ has diameter at least four containing a quadrangle.
Recall that Terwilliger (see [ Remarks: (i) Note that K k+1,k+1 minus a perfect matching shows that for diameter three it is not true.
(ii) For c 2 = 1, the above result is not true, as the Foster and Biggs-Smith graphs show (with D ≥ 7). But, if k ≥ 3 and D ≥ 4 we expect that c 2 ≤ 2 D k holds, with a finite number of exceptions.
For diameters 4, 5, 6, 7 we improve Theorem 1 and show that a similar behavior like diameter three occurs. In order to show the above results, we first give preliminaries and definitions in next section. In Subsection 3.1, we give some tools to show that a distance-regular graph with large c 2 is bipartite, and in Subsection 3.2 we show that if k D is too small then the distance-regular graph has to be antipodal. In Section 4, we give a proof of Theorem 1, and in Section 5 we show Theorem 2 and Theorem 3.
Definitions and preliminaries
All the graphs considered in this paper are finite, undirected and simple (for unexplained terminology and more details, see [2] ). Suppose that Γ is a connected graph with vertex set V (Γ) and edge set E(Γ), where E(Γ) consists of unordered pairs of two adjacent vertices. The distance d Γ (x, y) between any two vertices x and y in a graph Γ is the length of a shortest path connecting x and y. If the graph Γ is clear from the context, then we simply use d(x, y). We define the diameter D of Γ as the maximum distance in Γ. For a vertex x ∈ V (Γ), define Γ i (x) to be the set of vertices which are at distance precisely i from
A connected graph Γ with diameter D is called distance-regular if there are integers b i , c i (0 ≤ i ≤ D) such that for any two vertices x, y ∈ V (Γ) with d(x, y) = i, there are precisely c i neighbors of y in Γ i−1 (x) and b i neighbors of y in Γ i+1 (x), where we define b D = c 0 = 0. In particular, any distance-regular graph is regular with valency k := b 0 . Note that a (non-complete) connected strongly regular graph is just a distance-regular graph with diameter two. We define
For a distance-regular graph Γ and a vertex x ∈ V (Γ), we denote k i := |Γ i (x)| and p Suppose that Γ is a distance-regular graph with valency k ≥ 2 and diameter D ≥ 2, and let A i be the matrix of Γ such that the rows and the columns of A i are indexed by the vertices of Γ and the (x, y)-entry is 1 whenever x and y are at distance i and 0 otherwise. We will denote the adjacency matrix of Γ as A instead of A 1 . The eigenvalues of the graph Γ are the eigenvalues of A.
Some standard properties of the intersection numbers are collected in the following lemma.
Lemma 4 ([2, Proposition 4.1.6]) Let Γ be a distance-regular graph with valency k and diameter D. Then the following holds:
Suppose that Γ is a distance-regular graph with valency k ≥ 2 and diameter D ≥ 1.
Recall that a clique of a graph is a set of mutually adjacent vertices and that a co-clique of a graph is a set of vertices with no edges. 
(i) The number of vertices of a clique C in Γ is bounded by
Moreover, equality holds if and only if the clique C is a Delsarte clique.
(ii) If Γ contains a nonempty induced complete bipartite subgraph K s,t , then
Theorem 7 (cf. [4] ) Let m ≤ n be two positive integers. Let A be an n × n matrix, that is similar to a (real) symmetric matrix, and let B be a principal m×m submatrix of A. Then, for i = 1, . . . , m,
holds, where A has eigenvalues θ 1 (A) ≥ θ 2 (A) ≥ . . . ≥ θ n (A) and B has eigenvalues
Lemma 8 Let Γ be a distance-regular graph with valency k and diameter D. If
This follows immediately from [2, Proposition 5.5.6].
Some preliminary results
In this section, we give some preliminary results which are helpful to prove our results in section 4 and section 5. We first give some tools to show that a distance-regular graph with large c 2 is bipartite, and then we show that if k D is too small then the distance-regular graph has to be antipodal.
Tools to show bipartiteness
The following lemma is useful to check whether a distance-regular graph is bipartite, from a condition of the intersection numbers c i .
Lemma 9 
. This shows the lemma.
As a consequence of previous two lemmas, we have the following lemma. The next lemma shows that if Γ is a bipartite distance-regular graph with even diameter, then the intersection number c 2 divides the valency k.
Lemma 11 Let Γ be a distance-regular graph with valency k ≥ 3 and diameter D = 2t for some integer t ≥ 2. If Γ is bipartite, then k 2 = α(k − 1) for some integer α.
Proof: Let Γ 1 2 be the halved graph of Γ, and let x be a vertex of Γ. We may as-
Here note that the halved graph Γ 1 2 has valency k 2 and diameter t. As Γ is bipartite, for any two vertices y, z ∈ Γ(x), d Γ (y, z) = 2. i.e. Γ , where θ min (Γ is the smallest eigenvalue of Γ 
A tool to show antipodality
The following theorem is helpful to check whether a distance-regular graph with small k D is antipodal. 
, and k, we know
, and this implies
. This is a contradiction. This shows the theorem.
Proof of Theorem 1
In this section we give a proof of Theorem 1. Before showing Theorem 1, we first show Proposition 13. Then we use this proposition to prove Theorem 1. k ≥ k holds for any i ∈ {2, 3, . . . , D}. i.e. a 2 = a 3 = · · · = a D = 0 by Lemma 9. So, the graph Γ is bipartite. As c t+1 > 1 2 k, Γ has diameter at most 2t+1 by Lemma 4. i.e. D ∈ {2t, 2t+1}. k, Γ has at most 12k vertices, as k 2 < 3(k − 1), k 3 < 4(k − 1), k 4 < 3(k − 1) and k 5 < k − 1. For a fixed vertex x of Γ, we may assume that Γ 
Here note that if
So, the second largest eigenvalue of θ 1 of Γ is at least 1 2 k. Now, we show c 2 = 2. Take a vertex z in Γ 2 (x), then the induced subgraph of Γ on {x, z} ∪ (Γ(x) ∩ Γ(z)) is a complete bipartite K 2,c 2 . By Lemma 6 (ii), we have To show c 2 = 2, we first show that 2c 2 > c 3 holds. Clearly, the inequality is true for even diameter. So, we assume that the graph Γ has odd diameter and c 3 ≥ 2c 2 holds. Then one can show that c 2j+1 ≥ (j + 1)c 2 holds for j ∈ {1, 2, . . . , t} by [5, Proposition 1 (ii)]. i.e. c 2t+1 ≥ (t + 1)c 2 > k. This is a contradiction. So, 2c 2 > c 3 holds. Then, by [ 
